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Middle East Technical University, Ankara, 06531, Turkey
and

Stephen P. Banks‡

University of Shef�eld, Shef�eld, England S1 3JD, United Kingdom

A new method is introduced to design sliding mode control with optimally selected sliding surfaces for a class
of nonlinear systems. The nonlinear systems are recursively approximated as linear time-varying systems, and
corresponding time-varyingsliding surfaces are designedfor each approximatedsystem so thatagivenoptimization
criterion is minimized.The control input,which is designed by using an approximatedsystem, is then applied to the
nonlinear system. The method is used to design an autopilot for a missile where the design requirement is to follow
a given acceleration command. The sliding surface is selected such that a performance index formed as a function
of angle of attack, pitch rate, and velocity error is minimized. It is shown that the response of the approximating
sequence of linear time-varying systems converges to the response of the missile.

I. Introduction

O PTIMAL slidingsurfacesdesignedto minimize a performance
criterion for linear time-invariant (LTI) systems have been

studied and reported on by various authors.1 ¡ 3 In these studies, a
linear sliding surface, which passes through the origin, was used
with the slope of this surface designedsuch that a given (or desired)
cost function is minimized. The design begins by transforming the
system into the regular form. In regular form, the system is divided
into two subsystems; in one the control explicitly appears, and in
the other the control terms do not appear.The stabilityof the uncon-
trolled part determinesthe overall stability,and the choice of sliding
surface is based on this part.

Time-varyingslidingsurfaceshave also been explored4,5 in terms
of their stability and advantages. In addition to these studies, the
optimalslidingsurfacedesignfor linear time-varying(LTV)systems
was investigated6 and was, in essence, a time-varying extension of
sliding surface design for LTI systems.

The slidingsurfacedesignprocedurefornonlinearsystems,on the
other hand, becomes more complicated in all aspects. For instance,
the state transformation,which transformsa nonlinearsystem into a
suitableform (such as regular form or phasecanonicform), is gener-
ally nonlinear,and the required transformationmay not always exist
for all nonlinear systems. The existence of nonlinear state transfor-
mations to obtain regular form and phase canonic form is explored
in Refs. 7 and 8. Anotherdif� culty is that the slidingsurfacemay not
be easily selected as in the case of LTI or LTV systems because the
stability of a nonlinear system is now to be guaranteed.As a result,
one may not always � nd a sliding surface for nonlinear systems that
satis� es a desired performance or even guarantees system stability.

Although different design methods, each of which uses linear
or nonlinear sliding surfaces, have been suggested for nonlinear
systems,9,10 the optimal selectionof the sliding surface for a nonlin-
ear system has not been investigatedyet. In this work, a new method
is suggested for choosing an optimal sliding surface for a class of
nonlinear systems. The nonlinear system of concern is represented
by

Çx = A(x)x + B(x)u (1)
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where x 2 Rn , u 2 Rm , A(x) 2 Rn £ n , and B(x) 2 Rn £ m . First, a suc-
cessive approximationapproach is presented to approximateEq. (1)
as a sequence of LTV systems, that is,

Çx[i] = A
£
x[i ¡ 1](t)

¤
x[i] + B

£
x[i ¡ 1](t )

¤
u[i ] (2)

and then the results of Refs. 6 and 11 are used to select the opti-
mal sliding surface for the approximatedsystem. The control input,
which is generated from the approximated system, is then applied
to the original nonlinear equations.

The controller design method from this approximation approach
is used to design an autopilot for a missile. Readers can � nd the
application of sliding mode control (SMC) technique to aircrafts
and � ight control systems in Refs. 12–14 and the referencestherein.
In these studies,generally linearizedmodels and, thus, linear sliding
surfaces are used. In contrast to these works, the missile dynamics
studied here is nonlinear, and the sliding surface is designed as
LTV manifolds.Moreover, slopes of the sliding surface are selected
optimally to minimize a givenperformanceindex that is constructed
as a function of angle of attack, pitch rate, and velocity error. By
using LTV approximate systems, the dif� culty of � nding nonlinear
state transformations is removed.

The paper is organizedas follows: The approximationtheory and
convergence conditions for nonlinear state feedback and SMC are
derived in Sec. II. Section III brie� y explains SMC theory for LTV
systems and presents the optimal sliding surface design method. In
Sec. IV, the theory is applied to nonlinearmissile dynamicequations
as studied in Ref. 15, and an acceleration autopilot is designed for
the pitching motion of the missile. To present the main idea, it is
assumed that there is no uncertain parameter in the missile model.

II. Linear Approximations of Nonlinear Systems
Linearizationof nonlinearsystems about an equilibrium(or oper-

ating) point via Taylor’s series expansionmethod is well de� ned and
commonly used to study the behavior of the system and to design
a suitable controller that yields desired motion for the linearized
model. It is clear that the behavior of the linearized model does not
representthe globalmotionof the nonlinearsystemand that the con-
troller that is designedby using the linearizedmodel is only effective
in the neighborhoodof the equilibrium point. To extend the operat-
ing region of the controller, different linearized models are derived
at differentoperatingpoints, and the gains of controllerare tuned as
the system passes through the speci� ed operating trajectory.

In this section,we shall present another approximationtechnique
for a class of nonlinear systems represented by Eq. (1). The tech-
nique recursively constructs LTV approximations (apart from the
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� rst approximation) of the system. The approximating sequence of
Eq. (1) is formed by

Çx[i ] = A
£
x[i ¡ 1](t )

¤
x[i] + B

£
x[i ¡ 1](t )

¤
u[i], x[i ](t0) = x0 (3)

where the � rst approximation is

Çx[1] = A(x0)x[1] + B(x0)u
[1], x[1](t0) = x0 (4)

The � rst approximationof the nonlinearsystem(1) is anLTI system,
and afterwards the approximatingsequence results in LTV systems.
Before giving the convergence conditions of Eq. (3), consider the
unforced part of Eq. (1), that is,

Çx = A(x)x (5)

with its approximating sequence given by

Çx[i] = A
£
x[i ¡ 1](t )

¤
x[i], x[i ](t0) = x0

Çx[1] = A(x0)x
[1], x[1](t0) = x0 (6)

Let U [i ¡ 1](t , t0) be the transition matrix generated by A[x[i ¡ 1](t )].
It is well known (see Ref. 16) that

II U [i ¡ 1](t , t0) II · exp

³³Z t

t0

l
©

A
£
x[i ¡ 1]( s )

¤ª
d s

´́
(7)

where l [A(¢ )] is the logarithmic norm of A(¢ ) and is de� ned by

l [A(¢ )] := lim
h ! 0+

{[k I + h A(¢ ) k ¡ 1]/ h}

where k ¢ k is the standard spectral (induced) matrix norm. Here
l [A(¢ )] can also be de� ned as

l [A(¢ )] := 1
2 max k [A(¢ ) + A(¢ )T ]

The following lemma is for an estimate of U [i ¡ 1](t , t0) ¡
U [i ¡ 2] (t , t0).

Lemma 1: Suppose that l [A(x)] · j 1 , for all x and that

k A(x) ¡ A(y) k · j 2 k x ¡ y k , 8 x , y 2 Rn

Then

II U [i ¡ 1](t, t0) ¡ U [i ¡ 2](t , t0) II · j 2e j 1(t ¡ t0 )(t ¡ t0)

£ sup
s 2 [t0 ,t]

II x[i ¡ 1](s) ¡ x[i ¡ 2](s) II
Proof: U [i ¡ 1](t, t0) and U [i ¡ 2](t , t0) are solutions of the respec-

tive equations

Çx[i] = A
£
x[i ¡ 1](t )

¤
x[i], x[i ](t0) = x0

Çx[i ¡ 1] = A
£
x[i ¡ 2](t )

¤
x[i ¡ 1], x[i ¡ 1](t0) = x0

Hence,

d

dt

£
x[i](t) ¡ x[i ¡ 1](t )

¤
= A

£
x[i ¡ 1](t )

¤£
x[i](t) ¡ x[i ¡ 1](t )

¤

+
©

A
£
x[i ¡ 1](t)

¤
¡ A

£
x[i ¡ 2](t )

¤ª
x[i ¡ 1](t )

and then

x[i ](t ) ¡ x[i ¡ 1](t ) =

Z t

t0

U [i ¡ 1](t, s)
©

A
£
x[i ¡ 1](s)

¤

¡ A
£
x[i ¡ 2](s)

¤ª
x[i ¡ 1](s) ds

Since

x[i](t )=U [i ¡ 1](t, t0)x0

x[i](t) ¡ x[i ¡ 1](t ) =
£
U [i ¡ 1](t , t0) ¡ U [i ¡ 2](t , t0)

¤
x0

then

II x[i ](t ) ¡ x[i ¡ 1](t ) II
·

Z t

t0

exp

³³Z t

s

l
©

A
£
x[i ¡ 1]( s )

¤ª
d s

´́
j 2 II x[i ](s) ¡ x[i ¡ 1](s) II

£ exp

³³Z s

t0

l
©

A
£
x[i ¡ 2]( s )

¤ª
d s

´́
k x0 k ds

· j 2e j 1 (t ¡ t0) (t ¡ t0) sup
s 2 [t0 ,t]

II x[i ¡ 1](s) ¡ x[i ¡ 2](s) II k x0 k

Now de� ne

n [i](t ) := sup
s 2 [t0 ,t ]

II x[i ](s) ¡ x[i ¡ 1](s) II (8)

Then,

n [i](t ) · j 2e
j 1( t ¡ t0 )(t ¡ t0) k x0 k n [i ¡ 1](t )

Suppose that

c 1(t) := j 2e
j 1(t ¡ t0 )(t ¡ t0) k x0 k < 1 (9)

Then

n [i](t) · c 1(t ) n [i ¡ 1](t )

and so

n [i](t) · c i ¡ 2
1 (t ) n [2](t ) (10)

Theorem 1: Let j 1 and j 2 be � nite numbers and A(x) satisfy

l [A(x)] · j 1 , 8 x 2 Rn (A.1)

k A(x) ¡ A(y) k · j 2 k x ¡ y k , 8 x , y 2 Rn (A.2)

and suppose that

c 1(T ) = j 2e j 1 (T ¡ t0) (T ¡ t0) k x0 k < 1

Then Eq. (5) has a unique solution on [t0, T ] that is given by
the limit of the solutions of the approximating equations (6) on
C([t0, T ], Rn ).

Proof: The proof follows directly from Eq. (10) because this
implies that x[i](t ) is a Cauchy sequence in the Banach space
C([t0, T ], Rn ).

To see the effect of controlterm u on the approximatingsequence,
let us � rst consider a nonlinear state feedback control, that is,

u = K (x)x (11)

which yields

Çx = A(x)x + B(x)K (x)x := A(x)x + B̂(x)x (12)

Then the approximating sequence is

Çx[i ] = A
£
x[i ¡ 1](t)

¤
x[i] + B̂

£
x[i ¡ 1](t )

¤
x[i ] (13)

where

Çx[1] = A(x0)x
[1] + B̂(x0)x[1]

The following theorem gives the convergence condition of this ap-
proximation.
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Theorem 2: Let j 1 , j 2, j 3 , j 4, and j 5 be � nite numbers and A(x)
and B(x) satisfy

l [A(x)] · j 1 , 8 x 2 Rn (A.1)

k A(x) ¡ A(y) k · j 2 k x ¡ y k , 8 x , y 2 Rn (A.2)

k B̂(x) ¡ B̂(y) k · j 3 k x ¡ y k , 8 x , y 2 Rn (A.3)

k B̂(x) k · j 4, 8 x 2 Rn (A.4)

l [ B̂(x)] · j 5 , 8 x 2 Rn (A.5)

and suppose that

c 2(t ) :=
j 1e j 1 (t ¡ t0) k x0 k©

j 1 + j 4

¡
1 ¡ e j 1 (t ¡ t0)

¢ª

£
»

1

2
j 2 j 4(t ¡ t0)2 +

³
j 2 + j 3 +

j 2 j 4

j 1 ¡ j 5

´
(t ¡ t0)

+

³
j 2 j 4 + j 3( j 5 ¡ j 1)

( j 5 ¡ j 1)2

¡́
e( j 5 ¡ j 1)( t ¡ t0 ) ¡ 1

¢¼

where j c 2(t ) j < 1 for t 2 [t0 , T ]. Then the solution of approxi-
mating sequence (13) converges to the solution of Eq. (12) on
C([t0 , T ], Rn ).

Proof: The solution to the differential equation of approximating
sequence (13) is

x[i](t) = U [i ¡ 1](t, t0)x0 +
Z t

t0

U [i ¡ 1](t, s) B̂
£
x[i ¡ 1](s)

¤
x[i] ds

Hence,

x[i ](t ) ¡ x[i ¡ 1](t ) =
£
U [i ¡ 1](t, t0) ¡ U [i ¡ 2](t, t0)

¤
x0

+
Z t

t0

U [i ¡ 1](t, s) B̂
£
x[i ¡ 1](s)

¤£
x[i](s) ¡ x[i ¡ 1](s)

¤
ds

+
Z t

t0

£
U [i ¡ 1](t, s) ¡ U [i ¡ 2](t, s)

¤
B̂

£
x[i ¡ 1](s)

¤
x[i ¡ 1](s) ds

+
Z t

t0

U [i ¡ 2](t, s)
©

B̂
£
x[i ¡ 1](s)

¤
¡ B̂

£
x[i ¡ 2](s)

¤ª
x[i ¡ 1](s) ds

From Lemma 1,

II x[i ](t ) ¡ x[i ¡ 1](t ) II · j 2e
j 1(t ¡ t0 )(t ¡ t0) sup

s 2 [t0 , t]

II x[i ¡ 1](s)

¡ x[i ¡ 2](s) II k x0 k +
Z t

t0

e j 1 (t ¡ s) j 4 II x[i ](s) ¡ x[i ¡ 1](s) II ds

+
Z t

t0

j 2e j 1 (t ¡ s) (t ¡ s) sup
s 2 [t0 ,t]

II x[i ¡ 1](s) ¡ x[i ¡ 2](s) II j 4

£ II x[i ¡ 1](s) II ds +
Z t

t0

e j 1( t ¡ s ) j 3 II x[i ¡ 1](s) ¡ x[i ¡ 2](s) II

£ II x[i ¡ 1](s) II ds

Since

II x[i ](t ) II ·
£
e j 1(t ¡ t0 ) + e j 5 (t ¡ t0)

¤
k x0 k

By virtue of Eq. (8),

n [i ](t ) · j 2e
j 1 (t ¡ t0)(t ¡ t0) k x0 k n [i ¡ 1](t )

¡
j 4

j 1

£
1 ¡ e j 1 (t ¡ t0 )

¤
n [i ](t ) +

1

2
j 2 j 4e j 1(t ¡ t0 )(t ¡ t0)

2

£ k x0 k n [i ¡ 1](t ) +
j 2 j 4

j 1 ¡ j 5
e j 1 (t ¡ t0) (t ¡ t0) k x0 k n [i ¡ 1](t )

+
j 2 j 4

( j 1 ¡ j 5)2

£
e j 5 (t ¡ t0) ¡ e j 1( t ¡ t0 )

¤
k x0 k n [i ¡ 1](t )

+ j 3e
j 1(t ¡ t0 )(t ¡ t0) k x0 k n [i ¡ 1](t )

+
j 3

j 5 ¡ j 1

£
e j 5(t ¡ t0 ) ¡ e j 1 (t ¡ t0)

¤
k x0 k n [i ¡ 1](t)

or
»

1 +
j 4

j 1

£
1 ¡ e j 1 (t ¡ t0 )

¤¼
n [i](t) ·

»
1

2
j 2 j 4(t ¡ t0)2

+

³
j 2 + j 3 +

j 2 j 4

j 1 ¡ j 5

´
(t ¡ t0) +

³
j 2 j 4

( j 5 ¡ j 1)2
+

j 3

j 5 ¡ j 1

´

£
¡
e( j 5 ¡ j 1 )(t ¡ t0) ¡ 1

¢¼
e j 1 (t ¡ t0) k x0 k n [i ¡ 1](t )

Thus,

n [i](t) · c 2(t ) n [i ¡ 1](t )

where

c 2(t ) :=
j 1e j 1 (t ¡ t0) k x0 k©

j 1 + j 4

¡
1 ¡ e j 1( t ¡ t0)

¢ª

£
»

1
2

j 2 j 4(t ¡ t0)2 +

³
j 2 + j 3 +

j 2 j 4

j 1 ¡ j 5

´
(t ¡ t0)

+

³
j 2 j 4 + j 3( j 5 ¡ j 1)

( j 5 ¡ j 1)2

¡́
e( j 5 ¡ j 1 )(t ¡ t0) ¡ 1

¢¼

and so if j c 2(t ) j < 1 for t 2 [t0, T ], we have x[i ](t ) ! x(t ) on
C([t0, T ], Rn ).

It is shown that the convergence of the approximating sequence
is also related to the feedback gain matrix, and it may be possible
to satisfy j c 2(t ) j < 1 by choosing proper control even though the
convergenceof the approximatingsequencefor the unforcedsystem
is not satis� ed, that is, c 1(t ) > 1.

Instead of applying the control given by Eq. (11), consider now
SMC for the nonlinearsystem. Let the sliding surface be de� ned by
r (x). Then the system motion on the sliding surface is r (x) =0.
Suppose that, at time ts , the state trajectory of the system intercepts
the slidingsurfaceand the slidingmode existsfor t ¸ ts . This implies
that r (x) =0, for 8 t ¸ ts , and Çr (x) =0, for 8 t ¸ ts . Thus, by the
solving of the following equation for the control u, the so-called
equivalent control is determined:

Çr (x) =
@r (x)

@x
Çx =

@r (x)
@x

[A(x)x + B(x)u] = 0 (14)

Suppose that the sliding surface r (x) is chosen such that
[@r (x) / @x]B(x) is nonsingular for all t and x . Then the equiva-
lent control

ueq = ¡
³

@r (x)

@x
B(x)

¡́ 1
@r (x)

@x
[A(x)x] (15)

or

ueq = ¡ Keq(x)x (16)
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where the nonlinear state feedback gain matrix is

Keq =

³
@r (x)

@x
B(x)

¡́ 1
@r (x)

@x
A(x) (17)

On the other hand, the following conditions should be satis� ed for
the sliding mode:

Çr (x) > 0 if r (x) < 0

Çr (x) < 0 if r (x) > 0 (18)

From Eq. (14),

Çr (x) =
@r (x)

@x
A(x) +

@r (x)

@x
B(x)u (19)

By the choosing of the control as follows:

u = ¡
³

@r (x)

@x
B(x)

¡́ 1»
@r (x)

@x
[A(x)x] + k sgn[ r (x)]

¼
(20)

Eq. (19) becomes Çr (x) = ¡ k sgn[ r (x)].
By the selecting of each element of the k vector as positive, con-

dition (18) is satis� ed. By the use of Eq. (17), control (20) can also
be rewritten as

u = ¡ Keq(x)x ¡
³

@r (x)

@x
B(x)

¡́ 1

k sgn[r (x)] (21)

Then the nonlinear system (1) becomes

Çx = A(x)x ¡ B(x)Keqx ¡ B(x)

³
@r (x)

@x
B(x)

¡́ 1

k sgn[ r (x)]

or, in more compact form,

Çx = Aeq(x)x + f (x) (22)

where

Aeq(x) = A(x) ¡ B(x)Keq(x) f (x) = ¡ B(x)

³
@r (x)

@x
B(x)

¡́ 1

k sgn[r (x)]

Now consider the following approximating sequence of linear dif-
ferential equations for Eq. (22):

Çx[1](t ) = Aeq(x0)x
[1](t ) + f (x0), x[1](t0) = x0

Çx[i ](t ) = Aeq

£
x[i ¡ 1](t)

¤
x[i](t ) + f

£
x[i ¡ 1]

¤
, x[i](t0) = x0

(23)

The solution is

x[i](t ) = U [i ¡ 1](t, t0)x0 +
Z t

t0

U [i ¡ 1](t, s) f
£
x[i ¡ 1](s)

¤
ds

Hence,

x[i ](t ) ¡ x[i ¡ 1](t ) =
£
U [i ¡ 1](t, t0) ¡ U [i ¡ 2](t, t0)

¤
x0

+
Z t

t0

U [i ¡ 1](t, s)
©

f
£
x[i ¡ 1](s)

¤
¡ f

£
x[i ¡ 2](s)

¤ª
ds

+
Z t

t0

£
U [i ¡ 1](t, s) ¡ U [i ¡ 2](t, s)

¤
f
£
x[i ¡ 2](s)

¤
ds (24)

The following theorem gives the convergence condition of this ap-
proximation.

Theorem 3: Let j 1, j 2 , j 3, and j 4 be � nite numbers and Aeq(x)
and f (x) satisfy

l [Aeq(x)] · j 1, 8 x 2 Rn (A.1)

k Aeq(x) ¡ Aeq(y)k · j 2 k x ¡ y k , 8 x , y 2 Rn (A.2)

k f (x) ¡ f (y) k · j 3 k x ¡ y k , 8 x , y 2 Rn (A.3)

k f (x) k · j 4, 8 x 2 Rn (A.4)

and suppose that

c 3(t ) := e j 1(t ¡ t0 )(t ¡ t0)( j 2 k x0 k + j 2 j 4 / j 1)

+
¡
j 2 j 4

¯
j 2

1 ¡ j 3 / j 1

¢£
1 ¡ e j 1( t ¡ t0 )

¤

where j c 3(t) j < 1 for t 2 [t0, T ]. Then the solutionof approximating
sequence (23) converges to the solution of (22) on C([t0, T ], Rn ).

Proof: From Lemma 1 and Eqs. (8) and (24),

II x[i ](t ) ¡ x[i ¡ 1](t ) II · j 2e j 1 (t ¡ t0) (t ¡ t0) n [i ¡ 1](t ) k x0 k

¡ ( j 3 / j 1)
£
1 ¡ e j 1(t ¡ t0 )

¤
n [i ¡ 1](t )

+ ( j 2 j 4 / j 1)e
j 1( t ¡ t0)(t ¡ t0) n [i ¡ 1](t)

+
¡
j 2 j 4

¯
j 2

1

¢£
1 ¡ e j 1( t ¡ t0 )

¤
n [i ¡ 1](t )

or

n [i](t) · c 3(t ) n [i ¡ 1](t )

where

c 3(t ) := e j 1(t ¡ t0 )(t ¡ t0)( j 2 k x0 k + j 2 j 4 / j 1)

+
¡
j 2 j 4

¯
j 2

1 ¡ j 3 / j 1

¢£
1 ¡ e j 1( t ¡ t0 )

¤

and so if j c 3(t) j < 1 for t 2 [t0, T ], then x[i ](t ) ! x(t ) on C([t0 , T ],
Rn ).

III. SMC for LTV Systems
In the preceding section, the necessary convergence conditions

for approximatinga class of nonlinearsystemsas a sequenceof LTV
differentialequationshave been investigated.Assuming the conver-
gence conditions that are explored for SMC and for nonlinear state
feedback control are satis� ed, it can be possible to approximate the
nonlinear system and its control as a sequence of LTV models with
time-varying control actions. As a result of this approach, the con-
troller can be designedby using the LTV models. These controls are
then applied to the nonlinear system until the response of approxi-
mations converges to the nonlinear system’s response. Because the
model now is an LTV system, the SMC design procedure for LTV
systems is summarized in this section for the sake of completeness.
The LTV system, in general, is given by

Çx = A(t)x + B(t )u (25)

where x 2 Rn , u 2 Rm , and A(t) and B(t ) are time-varyingmatrices
of properdimensions.It is assumed that[A(t), B(t )] is a controllable
pair in the time interval [t1, t2]. The control function is designed to
force the system to an (n ¡ m)-dimensional time-varyingswitching
hyperplane of the form

r (x , t ) = C(t )x (26)

and the system is kept on the hyperplane by directing the system
states toward it, that is,

Çr (x , t ) > 0 if r (x , t) < 0

Çr (x , t ) < 0 if r (x , t) > 0 (27)

On the other hand, desired behavior of an LTV system is achieved
by deliberate choice of C(t ). In most cases, a suitable state trans-
formation puts the problem in an easier form in the selection of
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C(t ). Thus, we suggest a time-varying nonsingular transformation
z(t ) = L(t )x(t), where L(t) is a Lyapunov transformation and sat-
is� es

L(t)B(t ) =

³
0

B2(t )

´

L(t )A(t )L ¡ 1(t ) + ÇL(t )L ¡ 1(t) =

³
A11(t ) A12(t )

A21(t ) A22(t )

´
(28)

The system in the new coordinatesbecomes

Çz1 = A11(t )z1 + A12(t )z2

Çz2 = A21(t )z1 + A22(t )z2 + B2(t)u (29)

where z1 2 Rn ¡ m , z2 2 Rm , and B2(t) is an m £ m nonsingularma-
trix. The time-varying transformation simply divides the system
into two subsystems and lumps the control vector into the z2(t).
The switchinghyperplaneequation (26) can be rewritten in the new
coordinates as r (z, t) =C1(t )z1 + C2(t )z2 .

Without loss of generality, we assume that C2 = I and, hence,

r (z, t) = C1(t)z1 + z2 (30)

The system motion in the sliding mode, that is, motion restricted to
the switching surface r (z, t ) = 0, can be explained by means of the
equivalent control method. The existence of a sliding mode implies
that r (z, t ) =0 and Çr (z, t) = 0 for all t ¸ ts , where ts is the time at
which the sliding mode begins. Then the equivalent control is

ueq = ¡ B ¡ 1
2 [{C1 A11 + A21 + ÇC1}z1 + {C1 A12 + A22}z2]

which yields the so-called equivalent system as

Çz1 = A11(t )z1 + A12(t )z2 (31)

z2 = ¡ C1(t )z1 (32)

Hence, the system is described as an (n ¡ m)th reduced-order sys-
tem, where z2 plays the role of state feedback control. To use the
standard linear quadratic regulator problem results, the following
lemma is introduced, which is a generalization of Lemma 1.1 of
Ref. 1.

Lemma 2: If the system in Eq. (25) is controllable in the time
interval [t1, t2], then the pair [A11(t), A12(t )] of the reduced-order
equivalentsystem(31) is alsocontrollablein the time interval[t1, t2].

Proof: This follows by a simple extensionof the proof of Lemma
1.1 of Ref. 1.

The general control structure that satis� es the stability condition
of sliding motion, Eq. (27), can be formulated as

u = ueq + k sgn[r (z, t )] (33)

where sgn(¢ ) is the signum function and k is a column vector of
dimension m whose elements are ki < 0.

A. Optimal Sliding Surface Design
The dynamic optimization problem for LTV systems is well

de� ned17 and is to minimize the functional

J =

Z t1

0

[xT Q(t )x + uT P(t)u] dt , t1 · 1 (34)

subject to the system equations (25). Then, the optimal control is

uop = ¡ P ¡ 1(t )BT (t )R(t)x (35)

where R(t) is the solution of matrix differentialRiccati equation,

ÇR(t ) + R(t )A(t ) + AT (t)R(t ) ¡ R(t )B(t) P ¡ 1(t )BT (t )R(t)

+ Q(t ) = 0 (36)

with the boundary condition R(t1) =0. Using the precedingderiva-
tion, we shall determine the equation of sliding surface over which
the sliding motion is optimal with respect to the criterion

J =

Z t1

ts

x T Q(t )x dt, Q(t ) ¸ 0 (37)

where ts is the sliding motion starting time. We omit the control
term in the functional because the sliding mode motion is control
independentand is de� ned by the equationof discontinuitysurfaces.
By the applying of the time-varying nonsingular transformation as
given by Eq. (28), criterion (37) is written as

J =

Z t1

ts

©
zT

1 Q11(t )z1 + 2zT
1 Q12(t )z2 + zT

2 Q22(t)z2

ª
dt (38)

where

[L ¡ 1(t )]T Q(t )L ¡ 1(t) =

³
Q11(t ) Q12(t )

Q21(t ) Q22(t )

´

By the introductionof a new variable f that relates z1 and z2

f = z2 + Q ¡ 1
22 (t )QT

12(t)z1 (39)

the reduced-order system equation (31) and criterion (38) become

Çz1 =
£
A11(t ) ¡ A12(t)Q ¡ 1

22 (t )QT
12(t )

¤
z1 + A12(t ) f (40)

J =

Z t1

ts

©
zT

1

£
Q11(t) ¡ Q12(t)Q ¡ 1

22 (t )QT
12(t )

¤
z1 + f T Q22(t ) f

ª
dt

J =

Z t1

ts

£
zT

1 Q̄(t)z1 + f T P̄(t) f
¤

dt (41)

where Q̄(t ) = Q11(t ) ¡ Q12(t )Q ¡ 1
22 (t )QT

12(t) and P̄(t) = Q22(t). By
virtue of Eq. (35), the optimum f is rewritten as

f op = ¡ P̄ ¡ 1(t )AT
12(t)R(t )z1 = ¡ Q ¡ 1

22 (t ) AT
12(t )R(t)z1 (42)

where ÇR(t) + R(t) Ā(t) + ĀT (t)R(t) ¡ R(t) B̄(t) P̄ ¡ 1(t ) B̄T (t)R(t) +
Q̄(t ) =0, Ā(t) = A11 (t) ¡ A12(t) Q ¡ 1

22 (t )QT
12(t), and B̄(t) = A12(t).

Using Eqs. (39) and (42), the synthetic control can be written as

z2 = ¡ Cop
1 (t)z1 = ¡ Q ¡ 1

22 (t )
£
AT

12(t )R(t) + QT
12(t)

¤
z1 (43)

which de� nes the sliding hyperplane as follows:

r (z, t ) = z2 + Cop
1 (t )z1 (44)

As an application of the theory described in Secs. II and III, a non-
linear missile control problem is studied in the next section.

IV. Missile Dynamics and Control
The nonlinear missile dynamic equations given next have been

studied by various authors (for example, see Ref. 15) and represent
pitching motion of the missile traveling at Mach 3 at an altitude
of 20,000 ft. The same missile dynamics are considered here, and
as stated in Ref. 15, they do not represent any particular missile
airframe. The aim is to design an autopilot that provides normal ac-
celeration tracking, for the tail-� n-controlledmissile.The nonlinear
missile dynamics are

Ça = f [g cos( a / f ) / W V ]F + q, Çq = f M / Iyy (45)

where

a = angle of attack, deg
q = pitch rate, deg/s
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f = radians-to-degreesconversion, 180/ p
g = acceleration of gravity, 32.2 ft/s2

W = weight, 450 lb
V = speed, 3109.3 ft/s
F = normal force, CzQS, lb
M = pitch moment, Cm QSD, ft¢ lb
Iyy = pitch moment of inertia, 182.5 slug¢ ft2

Q = dynamic pressure, 6132.8 lb¢ ft2

S = reference area, 0.44 ft2

D = reference diameter, 0.75 ft

The normal force and pitch moment aerodynamic coef� cients are
approximated for the angle of attack a in the range of §20 deg as
follows:

Cz = 0.000103a 3 ¡ 0.00945a j a j ¡ 0.170a ¡ 0.034d

Cm = 0.000215a 3 ¡ 0.0195a j a j + 0.051a ¡ 0.206d (46)

where d is � n de� ection, in degree.
The missile dynamic equations can be rewritten as follows;

Ça = a11( a ) a + q + b1( a ) d , Çq = a21( a ) a + b2 d (47)

where

a11( a ) = {0.000366354a 2 ¡ 0.03361214j a j ¡ 0.6046628}cos( a )

a21( a ) = 0.136606374a 2 ¡ 12.38988j a j + 32.404303

b1( a ) = ¡ 0.1209326cos( a ), b2 = ¡ 130.887968

The autopilot is required to control the normal acceleration of the
missile. The normal accelerationis expressed in gravitationalaccel-
eration g as g z = F / W or in terms of aerodynamic coef� cients as
follows:

g z = c( a ) a + d d (48)

where

c( a ) = 0.0006174271a 2 ¡ 0.0566474342j a j ¡ 1.0190543722

d = ¡ 0.203810874

In practical applications, the � n de� ection is taken as an output of a
second-order(or sometimes � rst-order) � lter and combinedwith the
missile dynamics. However, in this study the � n de� ection is taken
as the control input to the system to reduce the system order and to
simplify the simulation model. It is obvious that after determining
the necessarycontrol for the missile, that is, � n de� ection,one could
easily take the � n de� ection as a reference output to be followed
by another commanded input. In this case the actuator dynamics,
whose output is the � n de� ection, is controlled by the commanded
� n de� ection.

On theotherhand,we shall use the integralof normal acceleration
(hereafterwe shallcall it normal velocity) as the outputof the system
so that the derivative of the output, that is, normal acceleration,
can be used as an augmented state and the higher derivative of � n
de� ection can be prevented. In other words, we can still take the � n
de� ection as the system input. This will also enable us to de� ne the
sliding manifold in angle of attack, pitch rate, and normal velocity
space. Hence, the output of the system and the tracking error are

y =

Z
g z dt, e =

Z ¡
g z ¡ g ¤

z

¢
dt (49)

where g ¤
z is desired normal acceleration expressed in gravitational

acceleration g. Taking the derivative of Eq. (49), we obtain

Çe = g z ¡ g ¤
z = c( a ) a + d d ¡ g ¤

z (50)

By combining Eqs. (47) and (50), the following nonlinear third-
order system equations are obtained:

2

4
Ça

Çq

Çe

3

5 =

2

4
a11( a ) 1 0

a21( a ) 0 0

c( a ) 0 0

3

5

2

4
a

q

e

3

5 +

2

4
b1( a )

b2

d

3

5 d +

2

4
0

0

¡ g ¤
z

3

5 (51)

Note that Eq. (51) is in the form of Eq. (1) with an additional term
due to the tracking of desired acceleration.The desired normal ac-
celeration is given as step inputs and is changed in every second
(see Figs. 1 and 2). Step inputs are smoothed with a time constant
of 0.2 s to prevent sudden jumps in the simulations.This is parallel
to practical applications because pure step inputs can not be ob-
tained due to time delays. Note that the last term in Eq. (51) is like
a bounded disturbance to the system, and the aim here is to satisfy
zero tracking error.

The recursive linear approximations of Eq. (51) can be formed,
as stated in Sec. II, as follows:

2

4
Ça [i ]

Çq[i]

Çe[i]

3

5 =

2

664

a11

£
a [i ¡ 1](t )

¤
1 0

a21

£
a [i ¡ 1](t )

¤
0 0

c
£
a [i ¡ 1](t )

¤
0 0

3

775

2

4
a [i]

q[i ]

e[i ]

3

5

+

2

4
b1

£
a [i ¡ 1](t )

¤

b2

d

3

5 d [i] +

2

4
0

0

¡ g ¤
z

3

5 (52)

Notice that Eq. (52) is an LTV system and is in the form of Eq. (25).
By the application of the Lyapunov transformation as de� ned by
Eq. (28), system (52) becomes

Fig. 1 Normal acceleration ´z of the � rst approximated system.

Fig. 2 Normal acceleration ´z response of the missile when the � rst
approximated system model is used.
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Çz[i ] =

2

664

ā11

£
z[i ¡ 1](t )

¤
¢ ¢ ¢ ā13

£
z[i ¡ 1](t)

¤

...
. . .

...

ā31

£
z[i ¡ 1](t )

¤
¢ ¢ ¢ ā33

£
z[i ¡ 1](t)

¤

3

775 z[i ]

+

2

4
0

0

d

3

5 d +

2

4
0

(b2 / d) g ¤
z

¡ g ¤
z

3

5 (53)

where the Lyapunov transformationand the correspondingnew co-
ordinates are

L[i](t) =

2

64
1 ¡

©
b1

£
a [i ¡ 1](t)

¤¯
b2

ª
0

0 1 ¡ b2 / d

0 0 1

3

75 (54)

and

z[i]
1 = a [i ] ¡

©
b1

£
a [i ¡ 1](t )

¤¯
b2

ª
q[i ]

z[i]
2 = q[i] ¡ (b2 / d)e[i], z[i ]

3 = e[i ] (55)

The sliding surface is now de� ned as

r [i]
£
z[i], t

¤
= C[i ]

1 (t )z[i]
1 + C[i ]

2 (t )z[i]
2 + z[i ]

3 (56)

On the sliding surface, the system can be expressedby the following
reduced-order system equations:
"

Çz[i ]
1

Çz[i ]
2

#
=

³
ā11(t ) ā12(t)

ā21(t ) ā22(t)

´"
z[i]

1

z[i]
2

#
+

³
ā13(t)

ā23(t)

´
z[i ]

3 +

³
0

(b2 / d) g ¤
z

´

(57)

Recall that z[i]
3 is like a control input to the reduced-order system

and can be interpreted as a state feedback control whose feedback
gains are C [i]

1 (t ) and C[i]
2 (t ). Thus, the slopes of the sliding hyper-

plane determine the system behavior. In this study, the slopes of the
sliding hyperplaneare selected such that the following functional is
minimized:

J =

Z t1

ts

0

@[a q e]Q(t )

2

4
a

q

e

3

5

1

A dt

=

Z t1

ts

³
[z1 z2]Q̄(t )

³
z1

z2

´
+ P̄(t)z2

3

´
dt (58)

where Q̄(t) = diag{50, 150 £ b2
1 (t)} and P̄(t ) =200.

Note that the weighting matrices are selected just to present the
theory, and they do not correspondto any prespeci� ed shape of sys-
tem response. However, one can construct the performance criteria
and select the weighting matrices to shape the desired system out-
put. In Refs. 13 and 17, readers can � nd some methods of how to
choose these weightings.

The optimal sliding surface slopes are then given by

Cop[i]
(t ) =

£
Cop[i ]

1 (t ) Cop[i]
2 (t )

¤
= P̄ ¡ 1(t ) B̄T (t)R(t ) (59)

where

B̄(t ) =

³
ā13(t )

ā23(t )

´

and R(t ) is the solution to the following matrix differential Riccati
equations:

ÇR(t ) + R(t ) Ā(t ) + ĀT (t)R(t ) ¡ R(t ) B̄(t) P̄ ¡ 1(t ) B̄T (t )R(t)

+ Q̄(t ) = 0

with the boundary condition R(t1) =0. The system matrix Ā(t ) is
given by

Ā(t) =

³
ā11(t ) ā12(t )

ā21(t ) ā22(t )

´

The simulation of this control was performed by using MATLAB®

software. Because of the term of the signum vector in Eq. (33),
the control gives rise to chattering.To prevent chattering and to ob-
tain a continuouscontrol signal, the following smoothedcontinuous
function was used:

u = ueq + k

³
r (z, t )

j r (z, t) j + d

´
(60)

where each element of k and d were selected as ¡ 1 and 0.01, re-
spectively. The matrix differential Riccati equation was solved by
backward integration, and the integration step size for both Riccati
equation and simulationwas taken as 0.003. The � rst approximated
system was formed by evaluating the nonlinear system at the ini-
tial condition of [a 0 q0 e0] =[0.01 ¡ 0.5 0], which results in an
LTI system. The response of the � rst approximated system and the
response of nonlinear missile dynamics to the � rst approximated
control input are given in Figs. 1–4. As noticed, the response of
nonlinear system is far away from the approximated system and
the missile does not follow the given normal acceleration com-
mand (Fig. 2). The � rst approximated system (LTI system) uses
an LTI surface, and this surface does not give desired performance
in this particular example. The control input generated from the
� rst approximated system is plotted in Fig. 5. On the other hand,
throughoutthe simulation, it is assumed that there is no control input
limitation.

As mentioned earlier, the recursive approximation procedure
gives rise to LTV systems after the � rst approximation.Depending

Fig. 3 Angle of attack ® of the � rst approximated system and the
missile.

Fig. 4 Pitch rate q of the � rst approximated system and the missile.
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on the convergence rate [Theorem 3, c 3(t )], the recursive approx-
imated systems response will converge to the nonlinear system’s
response. In the simulation studies, � ve approximations were per-
formed, and satisfactory results were obtained. The � fth approx-
imated system response and the response of nonlinear missile dy-
namics to the � fth approximatedcontrol input are given in Figs. 6–9.
It is seen that the response of approximated system is converged to
the response of nonlinear missile model, and the control input de-
termined from the � fth approximated LTV system (Fig. 10) makes
the nonlinear missile model track the given normal acceleration
command. Recall that the weighting matrices in the performance
index affect the shape of system response,and thus one might elim-
inate some of the overshootsin the system accelerationby selecting
weighting matrices properly.

The optimal sliding surface slopes for each approximatedsystem
are plotted in Figs. 11 and 12. Notice that the slopes of sliding
surface also converge to some value (note the bold solid lines in

Fig. 5 Control input of the � rst approximated system (u = � n de� ec-
tion).

Fig. 6 Angle of attack ® of the � fth approximated system and the
missile.

Fig. 7 Pitch rate q of the � fth approximated system and the missile.

Fig. 8 Normal acceleration ´z of the � fth approximated system.

Fig. 9 Normal acceleration ´z response of the missile when the � fth
approximated system model is used.

Fig. 10 Control input of the � fth approximated system (u = � n de� ec-
tion).

Fig. 11 Time-varying sliding surface slope C1(t).
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Fig. 12 Time-varying sliding surface slope C2(t).

Figs. 11 and 12). The sliding surface with optimal slopes for the
� fth approximatedsystem can be considered as the optimal sliding
surface for the nonlinear system as well. Another point of view is
that time-varying sliding surfaces are much more effective then the
constant slope sliding surface for this particular nonlinear system.

V. Conclusions
A new approach was presented to design an optimal sliding sur-

face for a class of nonlinear systems. Because the method is based
on recursively approximated LTV models of a nonlinear system,
the convergence conditions of the approximating sequence were
explored � rst. Then optimal sliding surfaceswere designedfor each
correspondingLTV system. The method was applied to a nonlinear
missile dynamics for an autopilot design that provides tracking of
a given normal accelerationcommand. The simulation results show
the clearconvergenceand successof theproposedmethod.The tech-
nique is effective and especially suggested for SMC of a class of
nonlinearsystemswhere the designpriority is both to select the opti-
mal sliding surface and to minimize a given cost function.However,
it is an off-line procedure that requires precomputationand storage
of computed data for the control implementation because the non-
linear system is required to be approximated recursively to apply
the method. Therefore, further research is essential to develop the
technique for control implementation.
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